Abstract. Let k be any field of characteristic zero, X be a del Pezzo surface of degree 2 and G be a group acting on X. In this paper we study k-rationality questions for the quotient surface X/G. If there are no smooth k-points on X/G then X/G is obviously non-k-rational.
Note that in many other papers for these notions the authors use terms rational surface and geometrically rational surface respectively. A smooth surface S is called minimal if any birational morphism of smooth surfaces S → S ′ is an isomorphism. The following theorem is an important criterion of k-rationality over an arbitrary perfect field k. 
5.
If the field k is algebraically closed then the quotient of any k-rational surface by any finite group G is k-rational by Castelnuovo's criterion. But if k is not algebraically closed, then for a finite geometric group G ⊂ Aut k (X) the quotient X/G can be non-k-rational. For example, by [Man74, Theorem IV.7 .8] any del Pezzo surface X of degree 4 such that X(k) = ∅, is k-unirational of degree 2 (i.e. birationally equivalent to a quotient of a k-rational surface by an involution), but a minimal del Pezzo surface of degree 4 is not k-rational by Theorem 1.1.
By [Isk79,  Theorem 1] any quotient of k-rational surface by a finite group G of automorphisms of this surface is birationally equivalent either to a quotient X/G of a G-equivariant conic bundle X → P 1 k such that ρ(X) G = 2; or to a quotient X/G of a del Pezzo surface X such that ρ(X) G = 1. Quotients of conic bundles were considered in [Tr16a] . Quotients of del Pezzo surfaces of degree 4 and higher were considered in [Tr17] .
Theorem 1.2 ([Tr17, Theorem 1.1]). Let k be a field of characteristic zero, X be a del
Pezzo surface over k such that X(k) = ∅, and G be a finite subgroup of Aut k (X). If K 2 X 5 then the quotient variety X/G is k-rational. If K 2 X = 4, and the order of G is not equal to 1, 2 and 4, or there is a nontrivial element in G that has a curve of fixed points, then X/G is k-rational. There exists an example of a non-k-rational quotient X/G for a suitable field k, if the order of G is equal to 1, 2, or 4, and all nontrivial elements of G have only isolated fixed points.
Moreover we have the following corollary, that is a generalization of Theorem 1.1.
Corollary 1.3 ([Tr17, Corollary 1.2])
. Let k be a field of characteristic zero, X be a smooth rational surface over k such that X(k) = ∅, and G be a finite subgroup of Aut k (X). If K 2 X 5 then the quotient variety X/G is k-rational.
Remark 1.4. Actually, in [Tr16a] and [Tr17] it is proved that if X is a smooth rational surface over k such that K 2 X 5 and G is a finite subgroup of Aut k (X) then the quotient X/G is birationally equivalent to a surface Y such that K 2 Y
5.
For del Pezzo surfaces of degree 5 or less the automorphisms group is finite. Therefore in the following theorems the condition, that G is finite, is not necessary.
Quotients of del Pezzo surfaces of degree 3 were considered in [Tr16b] . . Let k be a field of characteristic zero, X be a del Pezzo surface over k of degree 3 such that X(k) = ∅, and G be a subgroup of Aut k (X).
If the order of G is not equal to 1 or 3, or there is a nontrivial element in G that has a curve of fixed points, then X/G is k-rational. There exists an example of a non-k-rational quotient X/G for a suitable field k, if the order of G is equal to 1 or 3, and all nontrivial elements of G do not have curves of fixed points.
In this paper we want to find and classify finite groups G such that the quotient X/G of a del Pezzo surface X of degree 2 is not k-rational. From Theorems 1.2 and 1.5 one can get an impression that if X(k) = ∅, and the group G contains an element g such that the set of fixed points of g contains a curve, then X/G is going to be k-rational. We show that this is not always true for del Pezzo surfaces of degree 2. Moreover, almost all groups such that the quotient X/G can be non-k-rational, contain an involution that has a curve of fixed points. The main result of this paper is the following. Theorem 1.6. Let k be a field of characteristic zero, X be a del Pezzo surface over k of degree 2, and G be a subgroup of Aut k (X) such that there is a smooth k-point on X/G. Then the quotient X/G is k-rational for any group G except the following groups:
• a trivial group;
• a group of order 2;
• a cyclic group of order 4 containing a unique involution that has a curve of fixed points;
• an abelian noncyclic group of order 4 containing a unique involution that has a curve of fixed points; • a dihedral group of order 8 containing a unique involution that has a curve of fixed points; • a quaternion group of order 8 containing a unique involution that has a curve of fixed points; • a group of order 3 that has only isolated fixed points;
• a symmetric group of degree 3 generated by involutions that have only isolated fixed points. For each of the latter groups there exists an example of a non-k-rational quotient X/G for a suitable field k. Remark 1.7. We need a smooth k-point on X/G, to apply Theorem 1.1. Without this condition for the groups not listed in Theorem 1.6 we can only say that the quotient X/G is birationally equivalent to a surface Y such that K 2 Y
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Note that this condition, that there is a smooth k-point on X/G, differs from the corresponding condition X(k) = ∅, that is used in Theorems 1.2 and 1.5. For del Pezzo surfaces of degree 3 or greater if X(k) = ∅ then X is k-unirational (see [Man74,  Theorems IV.7.8 and IV.8.1]). In particular, X(k) is dense. This fact immediately implies that the set of smooth k-points on X/G is dense.
If X is a non-minimal del Pezzo surface X of degree 2 and X(k) = ∅ then X(k) is dense, since X is birationally equivalent to a del Pezzo surface of higher degree, which is k-unirational. Moreover, if X is minimal and there is a k-point that is not a point of intersection of four (−1)-curves and does not lie on the ramification divisor of the anticanonical map X → P 2 k , then X is k-unirational by [STV14, Corollary 18] and X(k) is dense. In all these cases the set of smooth k-points on X/G is dense.
It seems that nobody knows an answer to the question about k-unirationality of arbitrary del Pezzo surface X such that X(k) = ∅. If any del Pezzo surface of degree 2 such that X(k) = ∅, is k-unirational then in Theorem 1.6 we can replace the assumption of existence of a smooth k-point on the quotient to the assumption X(k) = ∅. In any case, the assumption of existence of a smooth k-point on the quotient holds if the set of k-points on X is dense, that follows from the assumption that there is a k-point on X not lying on (−1)-curves and the ramification divisor of the anticanonical map X → P 2 k .
Actually, in Lemma 6.10 for many groups listed in Theorem 1.6 we show that the condition X(k) = ∅ implies that the set of k-points on X/G is dense.
One can find a more precise statement of Theorem 1.6 in Proposition 4.2. Note that a minimal del Pezzo surface X of degree 2 such that X(k) = ∅ is not k-rational by Theorem 1.1. Thus the quotient of X by the trivial group is not k-rational in this case. Let G be a nontrivial group listed in Theorem 1.6. If ρ(X) G > 1 then either X admits a structure of a G-equivariant conic bundle, or there is a G-equivariant morphism X → Y , where Y is a del Pezzo surface of degree greater than 2. Quotients of such surfaces were considered in [Tr16a] , [Tr17] and [Tr16b] . Therefore we assume that ρ(X) G = 1. We show that if the group G is of order 2 without curves of fixed points then X and X/G are not k-rational. For each of the other possibilities for G we construct examples, for which all the following options occur: X is k-rational and X/G is non-k-rational, X is non-k-rational and X/G is non-k-rational, X is k-rational and X/G is k-rational, X is non-k-rational and X/G is k-rational.
The plan of this paper is as follows. In Section 2 we remind some notions and results about rational surfaces, G-equivariant minimal model program, groups, singularities and conic bundles.
In Section 3 we consider a special conic bundle with 4 singular fibres called Iskovskikh surface, and study quotients of this surface. We are interested in quotients of this surface, since the quotient of a del Pezzo surface by a group of order 2 with a curve of fixed points is birationally equivalent to an Iskovskikh surface.
In Section 4 we consider quotients of del Pezzo surfaces of degree 2. In Proposition 4.2 we give a list of groups such that the quotient can be non-k-rational. To prove this proposition we consider groups acting on del Pezzo surfaces of degree 2, and show that the quotient is k-rational in all cases that are not listed in Proposition 4.2. Also in Remark 4.9 we show that the quotient X/G of a del Pezzo surface X of degree 2 by a group G of order 2 without curves of fixed points is always not k-rational if ρ(X) G = 1. In Section 5 we consider some properties of the Weyl group W(E 7 ). For any group G acting on a del Pezzo surface X of degree 2 there exists an embedding G ֒→ W(E 7 ). Moreover, the image of this embedding commutes with the image of the Galois group Gal k/k in W(E 7 ). In Lemma 5.1 we show that if a group G of order 2 without curves of fixed points acts on a del Pezzo surface X of degree 2 and ρ(X) G = 1, then X is not k-rational. Also we find the centralizer in W(E 7 ) of the image of a group of order 3 acting on a del Pezzo surface of degree 2 without curves of fixed points. Later we use this result to construct examples of quotients of del Pezzo surfaces of degree 2 by groups of order 3 and 6.
In Section 6 we consider groups G listed in Proposition 4.2, that are neither trivial, nor groups of order 2 that have only isolated fixed points. For each of these groups we construct explicit examples of k-rational and non-k-rational quotients of k-rational and non-k-rational del Pezzo surfaces X of degree 2 such that ρ(X) G = 1. The author is grateful to Costya Shramov for many useful discussions and comments, and to Yuri G. Prokhorov and Egor Yasinsky for valuable comments. Also the author would like to thank the reviewer of this paper for many useful comments. Notation 1.8. Throughout this paper k is any field of characteristic zero, k is its algebraic closure. For a surface X we denote X ⊗ k by X. For a surface X we denote the Picard group (resp. the G-invariant Picard group) by Pic(X) (resp. Pic(X) G ). The number ρ(X) = rk Pic(X) (resp. ρ(X) G = rk Pic(X) G ) is the Picard number (resp. the G-invariant Picard number) of X. If two surfaces X and Y are k-birationally equivalent then we write X ≈ Y . If two divisors A and B are linearly equivalent then we write A ∼ B.
Preliminaries
2.1. G-minimal rational surfaces. In this subsection we review main notions and results of G-equivariant minimal model program following the papers [Man67] , [Isk79] , [DI09] . Throughout this paper G is a finite group. Definition 2.1. A rational variety X is a variety over k such that X = X ⊗ k is birationally equivalent to P n k . A k-rational variety X is a variety over k such that X is birationally equivalent to P n k . A variety X over k is a k-unirational variety if there exists a k-rational variety Y and a dominant rational map ϕ : Y X.
Definition 2.2. A G-surface is a pair (X, G) where X is a projective surface over k and G is a finite subgroup of Aut k (X). A morphism of G-surfaces f :
The following theorem is a classical result about the G-equivariant minimal model program.
Theorem 2.3. Any birational G-morphism f : X → Y of smooth G-surfaces can be factorized in the following way:
where each f i is a contraction of a set Σ i of disjoint (−1)-curves on X i such that Σ i is defined over k and G-invariant.
The classification of G-minimal rational surfaces is well-known due to V. Iskovskikh and Yu. Manin (see [Isk79] and [Man67] ). We introduce some important notions before surveying it. Definition 2.4. A smooth rational G-surface (X, G) admits a structure of a G-equivariant conic bundle if there exists a G-equivariant map ϕ : X → B such that any scheme fibre is isomorphic to a reduced conic in P 2 k and B is a smooth curve. The curve B is called the base of the conic bundle.
Let ϕ : X → B ∼ = P 1 k be a conic bundle. A general fibre of ϕ is isomorphic to P 1 k . The fibration ϕ has a finite number of singular fibres which are degenerate conics. Any irreducible component of a singular fibre is a (−1)-curve. If n is the number of singular fibres of ϕ then K 2 X + n = 8.
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Definition 2.5. Let X be a G-surface that admits a conic bundle structure ϕ : X → B. The conic bundle is called relatively G-minimal over B if for any decomposition of ϕ into G-morphisms X
such that the morphism ψ is birational, the morphism ψ is an isomorphism. Let X be a G-surface that admits a conic bundle structure ϕ :
A conic bundle ϕ : X → B is relatively G-minimal over B if and only if ρ(X) G = 2.
Definition 2.6. A del Pezzo surface is a smooth projective surface X such that the anticanonical class −K X is ample.
A singular del Pezzo surface is a normal projective surface X such that the anticanonical class −K X is ample and all singularities of X are Du Val singularities.
A weak del Pezzo surface is a smooth projective surface X such that the anticanonical class −K X is nef and big.
The number d = K A del Pezzo surface X over k is isomorphic to P . Let X be a G-minimal rational G-surface. Then either X admits a G-equivariant conic bundle structure with Pic(X)
Theorem 2.9 (cf. [Isk79, Theorems 4 and 5]). Let X admit a G-equivariant structure of a conic bundle such that ρ(X) G = 2 and K 2 X = 3, 5, 6, 7, 8. Then X is G-minimal. 2.2. Groups. In this paper we use the following notation:
• C n denotes a cyclic group of order n;
• D 2n denotes a dihedral group of order 2n; • S n denotes a symmetric group of degree n; • A n denotes an alternating group of degree n; A toric singularity can be resolved by a sequence of weighted blowups. Therefore it is easy to describe numerical properties of a quotient singularity. We list here these properties for singularities appearing in this paper.
Let the group C m act on a smooth surface X and f : X → S be the quotient map. Let p be a singular point on S of type 1 m (1, q). Let C and D be curves passing through p such that f −1 (C) and f −1 (D) are C m -invariant and tangent vectors of these curves at the point f −1 (p) are eigenvectors of the natural action of C m on the Zariski tangent space T f −1 (p) X (the curve C corresponds to the eigenvalue ξ m and the curve D corresponds to the eigenvalue ξ q m ). Let π : S → S be the minimal resolution of the singular point p. Table 1 presents some numerical properties of S and S for the singularities appearing in this paper.
The exceptional divisor of π is a chain of transversally intersecting exceptional curves E i whose self-intersection numbers are listed in the last column of Table 1 . The curve π −1 * (C) transversally intersects at a point the curve E 1 , and π 2.4. Conic bundles. In this subsection we collect some facts that will be used in Section 3 to work with conic bundles. 
respectively.
We need the following two facts to consider quotients of conic bundles. 
Iskovskikh surface
In this section following [DI09, Subsection 5.2] we construct one specific conic bundle and study its quotients by finite groups.
Definition 3.1. Let an involution ι act on a smooth curve C so that the quotient C/ ι is isomorphic to a smooth conic B. Then the curve C is called a hyperelliptic curve.
One can easily check that ι has exactly 2g + 2 fixed k-points on C where g is the genus of C.
Let ι nontrivially act on P 1 k . Consider the quotient (C × P 1 k ) / ι . It admits a structure of a P 1 k -bundle over B = C/ ι , and has 2g + 2 fibres defined over k each of which contains two singularities of type A 1 . One can resolve these singularities and contract the proper transforms of the 2g + 2 corresponding fibres.
We get a conic bundle X → B with 2g + 2 singular fibres defined over k. Note that all singularities of (C × P Remark 3.3. Note that any conic bundle X → B with 2g + 2 singular fibres and two sections with self-intersection number −g − 1 is exceptional, since one can reverse the construction above.
One can check that over k any exceptional conic bundle can be obtained as a blowup of 2g +2 points on P [Isk71] . But in this paper we mainly focus on properties of the corresponding weak del Pezzo surface. We hope that Definition 3.2 will not cause misunderstanding.
We need the following result of the paper [CT88] . We use the following notation in this section. Let X be an Iskovskikh surface and ϕ : X → B be the corresponding conic bundle. Let p 1 , p 2 , p 3 and p 4 be points on
are singular fibres. Let C and C ′ be the sections of ϕ : X → B with self-intersection number −2. One has
For any finite group G acting on X we denote by G 0 the normal subgroup acting trivially on the set of all (−1)-curves and by G B the subgroup acting trivially on the base B. The group G 0 fixes the four points p i on B thus it acts trivially on B and G 0 ⊂ G B .
We want to find possibilities for G such that the quotient X/G is not birationally equivalent to a surface Y with K 2 Y 5. If X is not G-minimal then it is birationally equivalent to a surface S such that K 2 S 5. Thus X/G ≈ S/G is birationally equivalent to a surface Y such that K 2 Y 5 by Remark 1.4. Therefore we assume that X is G-minimal, i. e. ρ(X) G = 2.
Proof. The group G 0 acts trivially on C and C ′ . Therefore G 0 faithfully acts on any smooth fibre F of ϕ : X → B and fixes the points F ∩ C and F ∩ C ′ . Thus G 0 is cyclic by Lemma 2.10.
Let G 0 be generated by an element g of order d. The set of fixed points of G 0 consists of isolated fixed points E i ∩ E ′ i and the curves C and C ′ . Applying Lemma 2.11 one can easily check that in the tangent space of X at
Thus there are four singularities of type
Let f : X → X/G 0 be the quotient morphism and
be the minimal resolution of singularities. The transforms
) are chains of d + 1 curves with negative self-intersection numbers whose ends are (−1)-curves and the other curves are (−2)-curves (see Table 1 ). One can G/G 0 -equivariantly contract the curves that are the ends of these chains. By repeating this procedure we obtain a conic bundle Y → B without singular fibres if ord g is even, or with four singular fibres if ord g 9 is odd. In the former case one has K 2 Y = 8. In the latter case one can check that the self-intersection numbers of the proper transforms of C and C ′ on Y are −2. Moreover, the components of any singular fibre of Y → B are contained in one (G/G 0 ) × Gal k/korbit, since X is G-minimal and the components of any singular fibre of X → B are contained in one
From now on assume that G 0 is trivial.
Lemma 3.7. The group G B is either trivial or isomorphic to C 2 . If G B is not trivial then the quotient X/G B is smooth, and
If two elements g and h act in such way, then the element gh preserves all negative curves on X. Thus gh is trivial and
The group G B has no isolated fixed points on X. Thus X/G B is smooth. Let f : X → X/G B be the quotient map. The image of any smooth fibre of X → B is a smooth fibre of X/G B → B. For any i one has gE i = E ′ i so the image of any singular fibre of X → B is a smooth fibre of X/G B → B too. Therefore X/G B → B is a conic bundle without singular fibres, and
From now on assume that G B is trivial. 
5.
Proof. This lemma directly follows from Theorem 2.13.
Lemma 3.9. Assume that G is isomorphic to C 2 or C 
Proof. Let f : X → X/G and f ′ : B → B/G be the quotient morphisms,
be the minimal resolution of singularities, and ψ : Y → B/G be a relatively minimal model of X/G over B/G. Let g be a nontrivial element in G. The element g has two fixed points q g and r g on B, since g faithfully acts on B. By Lemma 2.12 the points q g and r g differ from each of the points p 1 , p 2 , p 3 , p 4 . Moreover, if there is a nontrivial element h = g in G, then hq g = r g by Lemma 2.10.
If t is a point on B that differs from any p i and is not fixed by any nontrivial element of G, then the fibre of X/G → B/G over f ′ (t) is smooth. Therefore, for G = g ∼ = C 2 the conic bundle ψ : Y → B/G can have singular fibres only over points f
2 the conic bundle ψ can have singular fibres only over points
In both cases the conic bundle ψ has no more than 4 singular fibres. Thus K 
For any i the curves E i and E ′ i are permuted by G × Gal k/k since X is G-minimal. Therefore the fibre of ψ over a point f ′ (p i ) is singular. Let g be a nontrivial element of G, and F g be the fibre of X → B over q g . If g acts on F g trivially then there are no singular points on f (F g ), and the fibre of ψ over f ′ (q g ) is smooth. If g acts on F g faithfully then there are two fixed points of g on F g , and two
) is a chain of three k-rational curves with self-intersection numbers −2, −1 and −2 (see Table 1 ). If the ends of this chain are permuted by Gal k/k then the fibre of ψ over f ′ (q g ) is singular, and otherwise this fibre is smooth. The ends of this chain are permuted by Gal k/k , if and only if the fixed points of g on F g are permuted by G × Gal k/k . Therefore K 2 Y = 4 if and only if each nontrivial element g ∈ G has only isolated fixed points on X and each pair of these points, lying in one fibre of ϕ, is permuted by
Now we can summarize the results of Lemmas 3.6, 3.7, 3.8 and 3.9 in the following corollary. 
In particular, if X contains a k-point that does not lie on a section with self-intersection number
Proof. If we find a normal group N in G such that the quotient X/N is G/N-birationally equivalent to a surface Z with K 2 Z 5, then we are done by Remark 1.4 since X/G ≈ Z/(G/N). Assume that there is no such subgroup in G.
Then by Lemma 3.6 the group G 0 is trivial, and by Lemma 3.7 the group G B is trivial. Therefore by Lemma 3.8 one has G ∼ = C 2 or G ∼ = C 2 2 . By Lemma 3.9 for these cases the quotient X/G is birationally equivalent to a surface Y such that K 2 Y 5. By Lemma 3.5 if X contains a k-point that does not lie on a section with self-intersection number −2 then X(k) is dense. Therefore Y (k) is dense and X/G ≈ Y is k-rational by Theorem 1.1.
Del Pezzo surfaces of degree 2
A del Pezzo surface X of degree 2 is isomorphic to a smooth quartic surface in a k-form of the weighted projective space P k (1 : 1 : 1 : 2). The anticanonical map gives a double cover of P 2 k branched in a smooth quartic curve. The corresponding involution γ on X is called the Geiser involution. Obviously the involution γ commutes with any element of Aut(X). In particular, γ is a normal subgroup in Aut(X). Thus if a finite group G ⊂ Aut(X) contains γ then the quotient X/G ≈ P 
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The following theorem classifies actions of cyclic groups of prime order on del Pezzo surfaces of degree 2. 
where L k is a homogeneous polynomial of degree k, and A and B are elements of k.
In what follows we refer to the conjugacy classes of elements of finite order acting on a del Pezzo surface of degree 2 as elements of type 1, type 2, etc.
The element of type 0 is the Geiser involution.
In this section we prove the following proposition.
Proposition 4.2. Let X be a del Pezzo surface of degree 2 and G be a finite subgroup of Aut k (X) such that there is a smooth k-point on X/G. Then X/G can be non-k-rational only if the group G is one of the following:
(1) G is trivial; (2) G ∼ = C 2 is generated by an element of type 1 (see Table 2 ); (3) G ∼ = C 2 is generated by an element of type 2 (see Table 2 ); (4) G ∼ = C 3 is generated by an element of type 4 (see Table 2 ); (5) G ∼ = C 4 is generated by an element whose action is conjugate to (ix : −iy : z : t); (6) G ∼ = C 4 is generated by an element whose action is conjugate to (ix : −iy : z : −t);
is generated by elements of type 2 (see Table 2 ); (8) G ∼ = S 3 is generated by elements of type 2 (see Table 2 ); (9) G ∼ = D 8 is generated by elements of type 2 (see Table 2 ); (10) G ∼ = Q 8 is generated by elements whose actions are conjugate to (ix : −iy : z : t); (11) G ∼ = Q 8 is generated by elements whose actions are conjugate to (ix : −iy : z : −t).
For any other group G the quotient X/G is k-rational.
To prove Proposition 4.2 we need to list all possible groups of automorphisms of del Pezzo surfaces of degree 2. 
In the second column the first factor C 2 is the group generated by the Geiser involution. The group A 4 is a central extention of A 4 , and A 4 = 48. The group AS 16 is a group of order 16 generated by elements diag(i, i, 1, 1), diag(i, −i, 1, 1) and a permutation of x and y.
In the third column L k is a homogeneous polynomial of degree k, and A, B and C are elements of k.
In the paper [DI09] there is one more column in this table which contains conditions on the parameters. But we are interested only in the structure of the group and its action on P k (1 : 1 : 1 : 2) so we omit this column.
For shortness, we will say that a surface X has type I, type II, etc. of Theorem 4.3, if the surface X has the corresponding type. 4.1. 2-groups. Let X be a del Pezzo surface of degree 2, and G ⊂ Aut k (X) be a 2-group. In this subsection we study, for which groups the quotient X/G can be non-k-rational. We assume that G does not contain the Geiser involution.
Lemma 4.5. Let a finite group G act on a del Pezzo surface X of degree 2 and N ∼ = C 2 be a normal subgroup in G generated by an element of type 1. Then the quotient X/N is G/N-birationally equivalent to an Iskovskikh surface.
Proof. By Theorem 4.1 one can choose coordinates in P k (1 : 1 : 1 : 2) such that the set of N-fixed points on X consists of a fixed curve z = 0, that has class −K X , and two isolated fixed points (0 : 0 : 1 : ±i). Let f : X → X/N be the quotient morphism. By the Hurwitz formula (see [Dol12, Equation (1.38)]) one has
13 and the surface X/N is a singular del Pezzo surface with two A 1 -singularities. Let π : X/N → X/N be the minimal resolution of singularities. Let L be a linear system on X given by λx = µy. A general member of L is an N-invariant elliptic curve passing through the isolated fixed points of N. Therefore a general member of the linear system f * (L) is a conic passing through the two singular points on X/N. Hence the linear system π −1 * f * (L) defines a structure of a conic bundle on X/N, the exceptional curves over A 1 -singularities are sections of this conic bundle with self-intersection number −2, and K Proof. By Theorem 4.1 one can choose coordinates in P k (1 : 1 : 1 : 2) such that the set of N-fixed points on X consists of four isolated fixed points r i = (λ i : µ i : 0 : 0) where (λ i : µ i ) are the roots of the equation L 4 (x, y) = 0. The curve C given by z = 0 is N-invariant and passes through all N-fixed points.
Let f : X → X/N be the quotient morphism and
be the minimal resolution of singularities. Then
Let X/N → Y be the contraction of the (−1)-curve π −1 * f (C). The surface X/N is a singular del Pezzo surface. Therefore X/N is a weak del Pezzo surface. There are no negative curves with self-intersection less than −1 on Y , thus the surface Y is a del Pezzo surface by Proposition 2.7. Its degree is equal to 
Assume that the Galois group of the polynomial L 4 (x, y) is trivial. Then the curves S i and T i are defined over k, and ρ(Y )
Obviously, if the polynomial L 4 (x, y) has nontrivial Galois group then Y is also non-k-rational. Minimal model Z of Y depends on the Galois group of L 4 (x, y). One can check that: 
5.
Proof. Each nontrivial element of N has a pointwisely fixed hyperplane section and two isolated fixed points lying on the fixed curves of other nontrivial elements. Thus the quotient X/N is smooth and by the Hurwitz formula
Until the end of this paper we will use the following notation.
Notation 4.11. Let α, β, δ and γ be the following automorphisms of P k (1 : 1 : 1 : 2):
α : (x : y : z : t) → (ix : y : z : t); β : (x : y : z : t) → (x : iy : z : t); δ : (x : y : z : t) → (y : x : z : t); γ : (x : y : z : t) → (x : y : z : −t).
Lemma 4.12. If X is a del Pezzo surface of degree 2 then one can choose the coordinates in P k (1 : 1 : 1 : 2) in which there is a 2-Sylow subgroup S in Aut(X) such that S ⊂ α, β, δ, γ .
Proof. One can easily find such 2-Sylow subgroup for each type (see Theorem 4.3) of X:
• S = α, β, δ, γ for the case II;
• 
Proof. Assume that the quotient X/G is not birationally equivalent to a surface Y such that K 2 Y
By Lemma 4.12 we can assume that G is a subgroup of α, β, δ, γ . The group G does not contain the Geiser involution γ since the quotient X/G ≈ P Let G 0 = G ∩ α, β be a subgroup. Obviously G 0 is normal in G. If G 0 is trivial then G is C 2 generated by an element of type 1 or 2, or C 2 2 generated by elements of type 2. These groups are listed in cases (2), (3) and (7) of Proposition 4.2.
If G 0 is not trivial then there is an element of order 2 in G 0 . If G is a subgroup of α, β, γ then without loss of generality we can assume that G 0 contains α 2 β 2 , since we can rename coordinates x, y and z in this case. If G is not a subgroup of α, β, γ then there is an element h ∈ G such that hα 2 h −1 = β 2 . Therefore in this case G 0 always contains α 2 β 2 . The subgroup N generated by α 2 β 2 is normal in G. By Corollary 4.7 the group G 0 does not contain elements α, α
Note that these groups are listed in cases (2), (5), (6) and (7) of Proposition 4.2. Now assume that G = G 1 . For an element g = α i β j δγ k one has g 2 = α i+j β i+j . Therefore i + j is even, and if ord g = 4 then i + j is not divisible by 4. One can easily check that any element of order 4 in G is conjugate in Aut P k (1 : 1 : 1 : 2) to diag(i, −i, 1, ±1).
2 generated by elements of type 2. These groups are listed in cases (5), (6) and (7) of Proposition 4.2.
By Corollary 4.7 the group G 1 does not contain elements δ, α 3 βδ, α 2 β 2 δ or αβ 3 δ. If G 1 = α 3 β then G = α 3 β, αβδ , G = α 3 β, αβδγ or G = α 3 β, δγ . These groups are listed in cases (10), (11) and (9) of Proposition 4.2.
If G 1 = α 3 βγ then G = α 3 βγ, α 2 δ or G = α 3 βγ, αβδ . These groups are listed in case (11) of Proposition 4.2.
If G 1 = α 2 γ, β 2 γ then G = α 2 γ, β 2 γ, α 2 δ or G = α 2 γ, β 2 γ, αβδ . These groups are listed in case (9) of Proposition 4.2.
To construct explicit examples of k-rational an non-k-rational quotients we need the following corollary. 
In particular, if
Proof. If the two isolated fixed points of N are not permuted by the group G × Gal k/k then by Remarks 4.6 and 1.4 the quotient X/G is birationally equivalent to a surface Y such that K 2 Y
5.
Otherwise by Remark 4.6 the quotient X/N is G/N-birationally equivalent to a G/N-minimal Iskovskikh surface Z, and members of L correspond to fibres of conic bundle Z → P 1 k . The group G/N is either trivial, or isomorphic to C 2 or C 2 2 , and its nontrivial elements have only isolated fixed points on Z. Thus for the quotient Z/(G/N) ≈ X/G the assertion immediately follows from Lemma 3.9.
4.2. Groups of order divisible by 3. Let X be a del Pezzo surface of degree 2, and G ⊂ Aut k (X) be a group of order 2 k · 3 n . In this subsection we study, for which groups the quotient X/G can be non-k-rational. We assume that G does not contain the Geiser involution.
Lemma 4.15. Let a finite group G act on a del Pezzo surface X of degree 2 and N ∼ = C 3 be a normal subgroup in G generated by an element of type 3. Then the quotient X/G is birationally equivalent to a surface Y such that K 2 Y
Proof. The set of N-fixed points consists of a fixed curve z = 0 and a fixed point (0 : 0 : 1 : 0). By the Hurwitz formula On the tangent spaces of X at the points p i the group N acts as diag(ω, ω) and on the tangent spaces of X at the points q i the group N acts as diag(ω, ω 2 ) . Let C 1 and C 2 be curves given by y = 0 and x = 0 respectively. These curves are N-invariant. The curve C i passes through the points q 1 , q 2 and p i . The section z = 0 consists of two irreducible components D 1 and D 2 being (−1)-curves each passing through p 1 and p 2 .
The surface X/N has two A 2 -singularities and two Table 1 ). Let h : X/N → Y be the G/N-equivariant contraction of these curves. Then
Remark 4.17. Assume that ρ (X) G = 1. In this case the (−1)-curves D 1 and D 2 are permuted by the group G × Gal k/k , since otherwise one can contract one of these curves. We want to find conditions, when the surface Y is G/N-minimal.
The points p 1 and p 2 lie on the ramification divisor of the map X → P 2 k , and the points q 1 and q 2 do not. Therefore there are five possibilities of the action of the group G × Gal k/k on the set of N-fixed points:
(1) G × Gal k/k fixes p 1 , p 2 , q 1 and q 2 ; (2) G × Gal k/k fixes p 1 and p 2 , and permutes q 1 and q 2 ; (3) G × Gal k/k permutes p 1 and p 2 , and fixes q 1 and q 2 ; (4) the points p 1 and p 2 , and the points q 1 and q 2 are permuted by the same elements of G × Gal k/k ; (5) the points p 1 and p 2 , and the points q 1 and q 2 are permuted by different elements of G × Gal k/k . Note that a curve hπ −1 (f (q i )) is reducible and consists of two (−1)-curves R i1 and R i2 meeting each other at a point. One has
In cases (1) and (4) one can G/N-equivariantly contract two (−1)-curves R 11 and R 22 , and get a surface Z such that K 2 Z = 6. In both cases (2) and (3) one has ρ(Y ) G/N = 2, and the complete linear systems |R 11 + R 21 | and |R 11 + R 12 | respectively give a structure of a G/N-equivariant conic bundle on Y . Thus in these cases Y is G/N-minimal by Theorem 2.9. In case (5) one has ρ(Y ) G/N = 1, and Y is a G/N-minimal del Pezzo surface.
Remark 4.18. Note that in cases (1) and (2) the set Y (k) is dense, since there is a k-point hπ −1 * f (C 1 ) on Y , and by [Man67, Theorem IV.7.8] the surface Y is k-rational or k-unirational of degree 2 (i.e. birationally equivalent to a quotient of a k-rational surface by an involution). 
Proof. Note that if X has type V I, V III or XI then G contains an element of type 3 that generates a normal subgroup N. Therefore X/G is birationally equivalent to a surface Y such that K 2 Y 5 by Lemma 4.15. Assume that X is a surface of type III. The group Aut(X) is generated by elements αβ, αβ 3 , δ, γ (see Notation 4.11) and an element ζ of order 3 such that ζαβ 3 ζ −1 = α 2 δ and ζαβζ −1 = αβ. All elements of order 3 are conjugate in Aut(X), therefore we can assume that G contains the element ζ.
One can check that the element ζ acts in the following way
So the element ζ is of type 3 in the notation of Table 2 . If the group G contains the element α 2 β 2 then the quotient X/ α 2 β 2 is G/ α 2 β 2 -birationally equivalent to an Iskovskikh surface S by Lemma 4.5. The element ζ does not preserve hyperplane sections λx = µy thus ζ faithfully acts on the base of the conic bundle S → P In the first case this homomorphism has nontrivial kernel since in the group A 4 there are no subgroups isomorphic to A 4 . Note that the kernel of the homomorphism A 4 → A 4 is generated by αβ and γ. Thus the only possibility for a nontrivial kernel is α 2 β 2 γ . In this case the group G ∩ αβ, αβ 3 , δ is isomorphic to C 2 2 . But any subgroup of αβ, αβ 3 , δ isomorphic to C 2 2 contains the element α 2 β 2 . Thus this case is impossible. If the image of G in A 4 is C 3 , then, as in the previous case, one can see that the kernel of the homomorphism G → C 3 is either trivial or isomorphic to α 2 β 2 γ . Thus G is ζ ∼ = C 3 or ζ, α 2 β 2 γ ∼ = C 6 , respectively. In these cases X/G is birationally equivalent to a surface Y such that 
Proof. By Lemma 4.16 the quotient X/C 3 is C 2 -birationally equivalent to a del Pezzo surface S of degree 4. Any element of order 2 in S 3 has a curve of fixed points on X, thus the element of order 2 in S 3 /C 3 ∼ = C 2 has a curve of fixed points on S. Therefore the quotient X/G ≈ S/C 2 is birationally equivalent to a surface Y such that 
Proof. One can easily check that Aut(X) is:
• α, β, φ, δ, γ for the case II; • α 2 , β 2 , φ, δ, γ for the case IV ; • φ, δ, γ for the case IX. 
5.
Proof. If X has type I and G has order 2 k · 3 then X can be considered as a surface of type IV by Remark 4.4. For the other types by Lemma 4.21 we can assume that G is a subgroup of α, β, φ, δ, γ . All elements of order 3 are conjugate in this group, so we can assume that G contains the element φ of type 4 in the notation of Table 2 .
Let G 0 = G ∩ α, β, γ be a subgroup. Obviously G 0 is normal in G. If G 0 is nontrivial then it contains an element of order 2. As in the proof of Lemma 4.13, we can assume that γ is not contained in G. Let an element α 2 γ be contained in G. Then φα 2 γφ −1 = β 2 γ and φ −1 α 2 γφ = α 2 β 2 γ are contained in G. But the composition of these three elements is γ. This contradicts the assumption that γ does not lie in G.
If α 2 , β 2 or α 2 β 2 is contained in G then G contains a normal subgroup N = α 2 , β 2 . Therefore X/G is birationally equivalent to a surface Y such that K 2 Y 5 by Lemma 4.10. Now we can assume that G 0 is trivial. Therefore the group G is isomorphic to S 3 or C 3 . The cases G ∼ = S 3 generated by elements of type 2 and G ∼ = C 3 are listed in Proposition 4.2. If G ∼ = S 3 is generated by elements of type 1 then the quotient X/G is birationally equivalent to a surface Y such that 4.3. Subgroups of C 2 × PSL 2 (F 7 ). In this section X is a del Pezzo surface of degree 2 of type I (see Theorem 4.3). Actually, any del Pezzo surface of degree 2 having an automorphism of order 7 is of type I (see Table 3 ). In this case the group Aut X is C 2 × PSL 2 (F 7 ). In this subsection we study, for which subgroups G ⊂ Aut X the quotient X/G can be non-k-rational. We assume that G does not contain the Geiser involution. 
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Proof. If N ∼ = C 7 is generated by an element of type 5 then the group N has three isolated fixed points p 1 = (1 : 0 : 0 : 0), p 2 = (0 : 1 : 0 : 0) and p 3 = (0 : 0 : 1 : 0). On the tangent spaces of X at the points p i the group N acts as diag(ξ 7 , ξ 3 7 ) . Let C 23 , C 31 and C 12 be curves given by x = 0, y = 0 and z = 0 respectively. The curve C ij is N-invariant, and passes through the points p i and p j .
The surface X/N has three 1 7
(1, 3) singularities. Let f : X → X/N be the quotient morphism and π : X/N → X/N be the minimal resolution of singularities. Then π −1 (f (p i )) is a chain of curves L i , M i and N i with negative self-intersection numbers such that
see Table 1 . Each proper transform π −1 * f (C ij ) is a (−1)-curve intersecting N i and passing through the intersection point of L j and M j . We can G/N-equivariantly contract these three (−1)-curves, then contract the proper transforms of N i , and then contract the proper transforms of L i . We get a surface S such that We want to describe the set of singular points on X/G. If for a point p on X the point f (p) is singular then the stabilizer of P in G is nontrivial and is not generated by reflections (see Subsection 2.3). Therefore we want to find points with nontrivial stabilizers on X to describe the set of singular points on X/G. We use the method considered in the proof of [Elk99, Subsection 2.1, Proposition].
The group G has no fixed points, since PSL 2 (F 7 ) does not have nontrivial 2-dimensional linear representations. Therefore a stabilizer of any point on X is contained in a maximal subgroup of G. It is well known that any maximal subgroup of PSL 2 (F 7 ) is isomorphic either to S 4 or to C 7 ⋊ C 3 (see [ATLAS, p. 3 
]).
By Remark 4.4 we can consider a surface given by the equation
to find the points with nontrivial stabilizers contained in S 4 . This set of points consists of the orbits of the points (0 : 0 : 1 : ±i) with the stabilizer D 8 , the points (1 : 1 : 1 : ± √ −3 − 3A) with the stabilizer S 3 , the points (1 : −1 : 0 : ± √ −2 − A) with the stabilizer C 2 2 , the point (1 : ω : ω 2 : 0) with the stabilizer C 3 , and the orbits of the curves of fixed points z = 0 and x = y with the stabilizers C 2 . For all these points except the orbit of (1 : ω : ω 2 : 0) the stabilizer is generated by reflections. The stabilizer group C 3 acts on the neighbourhood of (1 : ω : ω 2 : 0) as diag (ω, ω).
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We can consider a surface given by the equation
to find the points with nontrivial stabilizers contained in C 7 ⋊C 3 . This set of points consists of the orbits of the point (1 : 0 : 0 : 0) with the stabilizer C 7 and the point (1 : ω : ω 2 : 0) with the stabilizer C 3 . Therefore the stabilizer of each point with nontrivial stabilizer not generated by reflections is either C 7 , or C 3 . The stabilizer group C 7 acts on the neighbourhood of (1 : 0 : 0 : 0) as diag (ξ 7 , ξ 3 7 ). There are 28 subgroups isomorphic to C 3 in G. These subgroups are generated by elements of type 4 in the notation of Table 2 . Such an element has four fixed points and acts on the neighbourhood of two of these points as diag (ω, ω 2 ), and on the neighbourhood of the two other fixed points as diag (ω, ω). Therefore there is one 1 3
(1, 1)-singular point on X/G.
There are 8 subgroups isomorphic to C 7 in G. These subgroups are generated by elements of type 5 in the notation of Table 2 . Such an element has three fixed points and act on the neighbourhood of these points as diag (ξ 7 , ξ 3 7 ). Therefore there is one 1 7
(1, 3)-singular point on X/G. Hence the set of singular points of X/G is the following: one 1 3
(1, 1)-point, and one 1 7
(1, 3)-point. Each element of order 2 in G has pointwisely fixed hyperplane section, and the other elements have only isolated fixed points. By the Hurwitz formula one has K 
5.
Proof. If the group G does not contain elements of order 7 then G is a subgroup of C 2 × S 4 , where the first factor is generated by the Geiser involution. These subgroups are considered in Lemmas 4.13 and 4.22. If G contains a subgroup C 7 then by Sylow theorem there are 1 or 8 such subgroups in the group G. If there is a unique subgroup C 7 in G then X/G is birationally equivalent to a surface Y such that K 2 Y 5 by Lemma 4.23. Otherwise the group G is PSL 2 (F 7 ), and X/G is birationally equivalent to a surface Y such that K 
The Weyl group W(E 7 )
A del Pezzo surface X over an algebraically closed field k is isomorphic to a blowup of P 2 k at seven points p 1 , . . ., p 7 in general position. Therefore the group Pic(X) is generated 22 by the proper transform L of the class of a line on P 2 k , and the classes E 1 , . . ., E 7 of the exceptional divisors. The sublattice K ⊥ X of classes C in Pic(X) such that C · K X = 0, is generated by
This set of generators are simple roots for the root system of type E 7 . Therefore any group acting on the Picard lattice Pic(X) and preserving the intersection form is a subgroup of the Weyl group W(E 7 ). Moreover, if a finite group G acts on a del Pezzo surface X of degree 2 then there is an embedding G ֒→ W(E 7 ) (see [DI09, Lemma 6.2]). For convenience we will identify the group G with its image in W(E 7 ). Also we denote the image of the group Gal k/k in W(E 7 ) by Γ. The groups G and Γ commute. Note that one can choose seven disjoint (−1)-curves on X corresponding to a blowup X → P 2 k in many ways. Therefore the embeddings of G and Γ into W(E 7 ) are defined up to conjugacy.
In this section we study some properties of the group W(E 7 ) and its subgroups. First we prove the following lemma.
Lemma 5.1. Let a finite group G ∼ = C 2 act on a del Pezzo surface X of degree 2. Suppose that the group G is generated by an element of type 2 in the notation of Table 2 , and ρ(X)
Proof. Let V be a vector space K ⊥ X ⊗ Q ⊂ Pic(X) ⊗ Q, and g be the generator of G. The element g has order 2, and eigenvalues of its action on V are ±1. The Geiser involution γ acts as multiplication by −1 on V . Therefore one has
Let Y be a minimal model of X. If X is k-rational then Y is a minimal del Pezzo surface of degree 5 or greater by Theorem 1.1. For the birational morphism X → Y , the classes of contracted divisors lie in V Γ , therefore the contraction X → Y is gγ -equivariant. The element gγ has type 1 in the notation of Table 2 , and thus it pointwisely fixes a hyperplane section of X, that is an elliptic curve. Therefore the element gγ should pointwisely fix an elliptic curve on Y . But it is well-known that for an involution ι acting on a del Pezzo surface of degree 5 or greater the set of fixed points can consist only of isolated fixed points and curves of genus 0, since there exists a ι-equivariant birational map to P 2 k . The obtained contradiction shows that X is non-k-rational. Remark 5.2. Note that the same method works for del Pezzo surfaces of degree 1. Indeed let an element g of order 2 act on a del Pezzo surface X of degree 1, and suppose that ρ(X) g = 1. If for the Bertini involution β the element gβ pointwisely fixes a hyperplane section then X is non-k-rational. Now we want to study some properties of elements of type 4 in the notation of Table 2 . Throughout this section we use the following notation.
Notation 5.3. Let X be a del Pezzo surface of degree 2. Then X can be realized as a blowup f : X → P 2 k at 7 points p 1 , . . ., p 7 in general position. Put
where l is the class of a line on P 2 k . One has
The set of (−1)-curves on X consists of E i , the proper transforms L ij ∼ L − E i − E j of the lines passing through a pair of points p i and p j , the proper transforms
of the conics passing through all the points of the blowup except p i and p j , and the proper transforms
of the rational cubic curves passing through all the points of the blowup, and having a singularity at p i . In this notation one has:
, where i, j, k and l are different numbers from the set {1, 2, 3, 4, 5, 6, 7}.
One can see that the Geiser involution γ maps E i to C i , and maps L ij to Q ij . Also there is a (non-normal) subgroup S 7 ⊂ W(E 7 ) that acts on the set of (−1)-curves in the following way: for a given permutation σ ∈ S 7 one has
Lemma 5.4. An element of type 4 in the notation of Table 2 is conjugate to (123)(456) ∈ S 7 in W(E 7 ).
Proof. By Theorem 4.1 a del Pezzo surface X can be given by the equation
(1 : 1 : 1 : 2), and an element g of type 4 acts as (x : y : z : t) → (ωx : ω 2 y : z : t).
The g-invariant plane section z = 0 is reducible and consists of two (−1)-curves. Denote one of these curves by E 7 and consider the contraction of E 7 . We get a cubic surface Y , and the element g acts on Y and has only isolated fixed points, since g has only isolated fixed points on X. In this case the action of g on Y is conjugate to (123)(456) ∈ S 6 ⊂ W(E 6 ) by [Tr16b, Lemma 4.1]. Therefore the action of g on X is conjugate to (123)(456) ∈ S 7 ⊂ W(E 7 ).
In the rest of this section let G be the group (123)(456) ∼ = C 3 . The group Γ ⊂ W(E 7 ) commutes with G. Thus Γ is always a subgroup of the centralizer C(G) of G in W(E 7 ). To describe the group C(G) we use the following notation: a = (123), b = (456), c = (14)(25)(36), and r and s are elements in W(E 7 ) of order 3 and 2 respectively such that
and k are different numbers from the set {1, 2, 3};
r(E i ) = L jk if i, j and k are different numbers from the set {4, 5, 6}. This notation is introduced in [Tr16b, Section 4], and we use some results of that paper.
Proposition 5.5. The centralizer of the group G ∼ = C 3 generated by the element ab in W(E 7 ) is a subgroup
where the first factor is generated by a, b and cs, the second factor is generated by r and s, and the third factor is generated by γ.
Proof. In W(E 7 ) the element ab has two invariant classes of (−1)-curves: E 7 and C 7 . These classes are permuted by the Geiser involution γ that commutes with ab. Therefore one has C(G) = C 0 (G) × γ , where the group C 0 (G) is the stabilizer of E 7 in C(G). The group C 0 (G) faithfully acts on the sublattice E ⊥ 7 ∼ = L, E 1 , . . . , E 6 . Therefore C 0 (G) is a subgroup of W(E 6 ) ⊂ W(E 7 ), and any element of C 0 (G) commutes with ab ∈ W(E 6 ).
We want to find subgroups of C(G) such that ρ(X) G = 1 and there exists a birational morphism X → Y , where K 2 Y 5. In Section 6 we use this to construct examples of quotients of k-rational del Pezzo surfaces of degree 2.
In the following two lemmas and proposition the reader should pay attention to difference between the notions of minimal surface and G-minimal surface, ρ(X) and ρ(X) G , morphism and G-equivariant morphism.
, L 56 and E 7 are disjoint and s-invariant. Therefore the action of s on K ⊥ X ⊗ Q has one eigenvalue −1 and six eigenvalues 1. The Geiser involution γ acts on K ⊥ X ⊗ Q by the multiplication on −1, thus the action of sγ on K ⊥ X ⊗ Q has one eigenvalue 1 and six eigenvalues −1, and ρ(X) sγ = 2. One can check that Pic(X) sγ is generated by −K X and L − E 7 . The linear system |L − E 7 | gives a structure of a conic bundle on X, therefore X is minimal by Theorem 2.9.
Lemma 5.7. If the group Γ is abr , a 2 br , ab, r or a 2 b, r then ρ(X) = 2 and Pic(X) is generated by K X and E 7 .
Proof. This lemma directly follows from [Tr16b, Lemma 4.10]. 
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Proof. Assume that there exists a birational morphism X → Y such that K 2 Y 5 and ρ(X) G = 1. In particular, X is not minimal. Let us consider a 2-Sylow subgroup Γ 2 of Γ. We may assume that Γ 2 is a subgroup of a 2-Sylow subgroup of C(G), that is c, s, γ ∼ = C 2 3 (see Proposition 5.5). If Γ 2 contains γ or sγ then X is minimal by Lemma 5.6, and we have a contradiction. Moreover, the curve E 7 is G-invariant and c, s -invariant. Therefore Γ 2 is cγ , csγ or cγ, s .
By Lemma 5.7 the group Γ does not contain abr, a 2 br, ab 2 r and a 2 b 2 r. If Γ contains ar then Γ contains br and abr 2 , since cac −1 = b and Γ contains cγ or csγ. Thus a 3-Sylow subgroup of Γ is either a subgroup of a, b or is r ∼ = C 3 .
Note that Pic(X) ab = Pic(X) a 2 b is generated by −K X , E 1 + E 2 + E 3 , E 4 + E 5 + E 6 and E 7 . Therefore Γ does not contain ab and a 2 b, since otherwise ρ(X) = ρ(X) G = 1. Moreover, if Γ contains a then Γ contains b and ab, since cac −1 = b and Γ contains cγ or csγ.
Note that if Γ ⊂ cγ, s then the set of disjoint curves L 12 , L 13 , L 23 , Q 45 , Q 46 and Q 56 is G × Γ-invariant, and ρ(X) G > 1. Therefore Γ is r, csγ , r, cγ or r, cγ, s . Now we show that the groups r, csγ , r, cγ and r, cγ, s satisfy the conditions of Proposition 5.8.
The groups r, csγ and r, cγ are subgroups of the group r, cγ, s . One can r, cγ, s -equivariantly contract (−1)-curves L 15 , Q 24 , L 16 and Q 34 and get a del Pezzo surface Y of degree 6.
By Lemma 5.7 one has ρ(X) ab,r = 2 and Pic(X) ab,r is generated by K X and E 7 . The elements csγ and cγ do not preserve the curve E 7 . Therefore for the groups ab, r, csγ , ab, r, cγ or ab, r, cγ, s one has ρ(X) G = 1.
Examples
In this section we construct explicit examples of quotients of del Pezzo surfaces X of degree 2 by finite groups G listed in Proposition 4.2 such that ρ(X) G = 1, X(k) = ∅ and there is a smooth k-point on X/G. If G is trivial then X is non-k-rational by Theorem 1.1, and if G is of type (3) then X is non-k-rational by Lemma 5.1 and X/G is non-k-rational by Remark 4.9. For the other groups listed in Proposition 4.2 we show that each of the four possibilities of k-rationality of X and X/G is realized for certain k: the surface X can be k-rational and X/G can be non-k-rational, X can be non-k-rational and X/G can be non-k-rational, X can be k-rational and X/G can be k-rational, X can be non-k-rational and X/G can be k-rational. For each type of group, k-rational and non-k-rational X, k-rational and non-k-rational X/G we give a reference to the corresponding example in the following table. 6.1. 2-groups. Let X be a del Pezzo surface of degree 2 and G be a finite subgroup of Aut k (X). In this subsection for the groups of types (2), (5), (6), (7), (9), (10), (11) in the notation of Proposition 4.2, we construct examples of k-rational and non-k-rational quotients of k-rational and non-k-rational del Pezzo surfaces of degree 2 such that ρ(X) G = 1. As a by-product for the groups of types (1) and (3) we construct examples of non-krational quotients of non-k-rational del Pezzo surfaces of degree 2 such that ρ(X) G = 1. Assume that the field k contains i. Let X be a del Pezzo surface of degree 2 given in P k (1 : 1 : 1 : 2) by the equation
and u, v, w, σ, τ and η are nonzero elements of k. Note that if σ = τ , σ = η or τ = η then such triple {u, v, w} exists, since there is a k-point on a smooth conic
Otherwise, we require additional conditions on the field k. A finite group ((C 4 × C 2 ) ⋊ C 2 ) × C 2 generated by αβ : (x : y : z : t) → (ix : iy : z : t); αβ 3 : (x : y : z : t) → (ix : −iy : z : t); δ : (x : y : z : t) → (y : x : z : t); γ : (x : y : z : t) → (x : y : z : −t), acts on X. We assume that G is a subgroup in ((C 4 × C 2 ) ⋊ C 2 ) × C 2 of a type listed in Proposition 4.2, and G contains a normal subgroup N = α 2 β 2 . In the notation of Proposition 4.2 the group G has type (2), (5), (6), (7), (9), (10) or (11).
We want to prove the following proposition.
Proposition 6.2. Assume that the field k contains i, a group G acts on a del Pezzo surface X of degree 2 and has type (2), (5), (6), (7), (9), (10) or (11) of Proposition 4.2, there is a smooth k-point on X/G and ρ(X) G = 1. Under these conditions the following holds.
• For any k and G of type (10) there exists an example of a k-rational surface X such that X/G is k-rational.
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• If the field k contains an element µ such that Gal k( √ µ)/k ∼ = C 2 , then for G of type (5), (6), (7), (9) or (11) there exists an example of a k-rational surface X such that X/G is k-rational; for G of type (2), (5), (6), (9), (10) or (11) there exists an example of a k-rational surface X such that X/G is non-k-rational; for G of type (7), (9) or (11) there exists an example of a non-k-rational surface X such that X/G is k-rational; for G of type (2), (5), (6), (9), (10) or (11) there exists an example of a non-k-rational surface X such that X/G is non-k-rational.
• If the field k contains elements µ, ν such that Gal k √ µ, √ ν /k ∼ = C 2 2 and the conic µu 2 + νv 2 = µνw 2 in P 2 k has a k-point, then for G of type (2) there exists an example of a k-rational surface X such that X/G is k-rational; for G of type (7) there exists an example of a k-rational surface X such that X/G is non-k-rational; for G of type (2), (5), (6) or (10) there exists an example of a non-k-rational surface X such that X/G is k-rational; for G of type (7) there exists an example of a non-k-rational surface X such that X/G is non-k-rational.
Remark 6.3. The assumption that the field k has a quadratic extension is necessary for non-k-rational quotients, since otherwise constructed conic bundles are not minimal.
Moreover, in some cases the field k should have an extension of degree 4. For example, in the conditions of Proposition 6.2 quotients by the group N can be k-rational only if the field k has an extension of degree 4. In this case the isolated fixed points of N are defined over k by Corollary 4.14. All (−1)-curves passing through an isolated N-fixed point are N-invariant. Therefore ρ(X) N = 1 only if the four (−1)-curves passing through an N-fixed point are transitively permuted by the group Gal k/k .
Note that if the field k contains elements µ, ν such that Gal k
then in some cases the conic µu 2 + νv 2 = µνw 2 in P 2 k has a k-point. For example, for the field Q(i) one has Gal k √ 2, √ 3 /k ∼ = C 2 2 , and the conic 2u 2 + 3v 2 = 6w 2 has a k-point (3 : 2i : 1). The author does not know an example of a field having an extension of degree 4 with the Galois group C 2 2 such that if for any elements µ ∈ k, ν ∈ k one has Gal k √ µ,
To prove Proposition 6.2 for each considered type of G in Examples 6.13-6.21 we construct k-rational and non-k-rational surfaces X with k-rational and non-k-rational quotients X/G (see Table 4 for more precise references).
One can find explicit equations of all 56 lines on X. For convenience we refer to these lines in the following way: eight θ-lines, given by
sixteen η-lines, given by
28 sixteen σ-lines, given by
sixteen τ -lines, given by
Note that each of the sets of θ-lines, η-lines, σ-lines, τ -lines is invariant under the action of G and Gal k/k . Moreover, the action of any element of Gal k/k on a set of η-lines, σ-lines or τ -lines is trivial or coincides with the action of α 2 β 2 , α 2 β 2 γ or γ.
Remark 6.4. One can easily see that each θ-line is α 2 β 2 -invariant, and for each line E from the sets of η-lines, σ-lines, τ -lines one has E · α 2 β 2 E = 1.
We use the following definition for convenience.
In particular, if Σ is a minimal (resp. G-minimal) set of lines, then for any line D in Σ one can not contract the Gal k/k -orbit (resp. G × Gal k/k -orbit) of D.
Obviously, ρ(X) = 1 (resp. ρ(X) G = 1) if and only if each of the sets of θ-lines, η-lines, σ-lines, τ -lines is minimal (resp. G-minimal). But we need the following lemma.
Lemma 6.6. One has ρ(X) = 1 (resp. ρ(X) G = 1) if and only if each of the sets of η-lines, σ-lines, τ -lines is minimal (resp. G-minimal).
Proof. Assume that each of the sets of η-lines, σ-lines, τ -lines is minimal. If there exists a (resp. G-equivariant) birational morphism f : X → Z, and E is the exceptional divisor of f then E meets each η-line, σ-line and τ -line, since −K X · E > 0. Therefore the images of η-lines, σ-lines and τ -lines on Z have non-negative self-intersection. Thus there are no more than eight (−1)-curves on Z, and K 2 Z 6. But one cannot find four or more disjoint θ-lines on X. So this case is impossible.
If X is minimal (resp. G-minimal) and admits a structure of (resp. G-equivariant) a conic bundle ϕ : X → B, then a Gal k/k -orbit (resp. G × Gal k/k -orbit) of each component of singular fibres of ϕ has class nF , where F is the class of fibre of ϕ. But there are 12 components of singular fibres of ϕ on X and only eight θ-lines. We have a contradiction. Therefore ρ(X) = 1 (resp. ρ(X) G = 1).
Remark 6.7. One can check the following:
• the set of σ-lines is α 3 β -minimal, α 2 δ -minimal, αβδγ -minimal and δγ, α 2 β 2 δγ -minimal; • the set of τ -lines is αβδ -minimal, α 3 β -minimal, α 2 δγ -minimal and α 3 βδγ, αβ 3 δγ -minimal; • the set of η-lines is α 2 δ -minimal, αβδ -minimal, α 3 βγ -minimal and α 2 γ, β 2 γ -minimal.
Lemma 6.8. If σ (resp. τ , resp. η) is not a square in k then the set of σ-lines (resp. τ -lines, resp. η-lines) is N-minimal, where N = α 2 β 2 .
Proof. The two sections t = ± Therefore there is an element h in Gal k/k , whose action coincides with the action of γ or α 2 β 2 γ. In the first case the set of σ-lines is minimal, and in the second case the set of σ-lines is N-minimal since the action of α 2 β 2 h coincides with the action of γ. The proof for τ -lines and η-lines is similar.
We will use Corollary 4.14 to find examples of k-rational and non-k-rational quotients X/G. Therefore we want to know fixed points and invariant members of L for elements in αβ, αβ 3 , δ, γ . This information is given in Table 5 .
Remark 6.9. One can see that for any type of G, if ρ(X) G = 1, and σ, τ , η, στ , ση, τ η and στ η are not squares in k, then by Corollary 4.14 the quotient X/G is not k-rational. But we want to find examples with stricter conditions on the field k.
Lemma 6.10. If the surface X given by equation (6.1) contains a k-point, then the set of k-points on X/G is dense.
Proof. Let f : X → X/N be the quotient morphism, and π : X/N → X/N be the minimal resolution of singularities. By Lemma 4.5 the surface X/N is an Iskovskikh surface.
If X contains a k-point p, that differs from 0 : 0 : 1 : ±q √ στ η then f (p) is a smooth k-point on X/N. Thus the set of k-points on X/N is dense by Lemma 3.5, since π −1 f (p)
is a k-point on X/N that does not lie on a section of X/N → B with self-intersection number −2. Therefore the set of k-points on X/G ≈ X/N /(G/N) is dense.
If X contains k-points 0 : 0 : 1 : q √ στ η then each section of X/N → B ∼ = P 1 k with self-intersection number −2 is defined over k. Thus these sections are isomorphic to B. Therefore each smooth fibre F over a k-point on B is isomorphic to P 1 k , and the set of k-points on X/N is dense. Therefore the set of k-points on X/G ≈ X/N /(G/N) is dense.
Remark 6.11. To construct examples of k-rational and non-k-rational quotients satisfying the assumptions of Proposition 6.2 we should find k-points on X. Table 5 contains such points for certain σ, τ and η.
If σ = 1 then (1 : 1 : 0 : 2u √ σ) is a k-point on X. If τ = 1 then (i : 1 : 0 : 2v √ τ ) is a k-point on X.
If η = 1 then 0 : 1 : 0 : w √ η is a k-point on X. If σ = τ = η then v √ τ + iu √ σ : w √ η : 0 : 0 is a k-point on X. If η = στ then 0 : 0 : 1 : q √ στ η is a k-point on X. In all these cases X(k) = ∅ and the set of k-points on X/G is dense by Lemma 6.10. These conditions hold for following Examples 6.13-6.21. Now we construct k-rational and non-k-rational quotients of k-rational surfaces X. Assume that q = uvw. Then the following lemma holds.
Lemma 6.12. If X is given by equation (6.1), X(k) = ∅ and q = uvw then X is k-rational.
Proof. All lines on X are defined over k √ σ,
The action of Γ on each of the sets of σ-lines, τ -lines and η-lines is either trivial or coincides with the action of α 2 β 2 γ. For any σ-, τ -or η-line E one has α 2 β 2 E · E = 1, therefore α 2 β 2 γE · E = 0, since
Let f : X → Z be a Γ-equivariant contraction of any α 2 β 2 γ-invariant pair of σ-lines. Then there are 16 lines on Z, therefore at least one of the lines on Z is the image of a τ -or η-line E. Thus we can Γ-equivariantly contract the pair f (E) and f (α 2 β 2 γE), and get a surface W with K 2 W 6. This surface is k-rational by Theorem 1.1. Therefore X ≈ W is k-rational.
In following Examples 6.13-6.17 the surface X is k-rational by Lemma 6.12.
Example 6.13. Assume that X is given by equation (6.1), one has q = uvw, σ = τ = η = 1 31 and G = α 3 β, α 2 δ ∼ = Q 8 . Then X and X/G are k-rational, and ρ(X) G = 1. The surface X/G is k-rational by Corollary 4.14, since the isolated fixed points of N are not permuted by G × Gal k/k .
The sets of σ-lines, τ -lines and η-lines are G-minimal by Remark 6.7. Therefore ρ(X) G = 1 by Lemma 6.6.
Example 6.14. Assume that k contains an element µ such that Gal(k( √ µ)/k) ∼ = C 2 , the surface X is given by equation (6.1), one has q = uvw, σ = τ = η = µ and G is a group of type (2), (5), (6), (7), (9), (10) or (11) of Proposition 4.2. Then X is k-rational and ρ(X) G = 1. The quotient X/G is non-k-rational if G ∼ = C 2 , G ∼ = C 4 or G ∼ = Q 8 , and is k-rational if G ∼ = C 2 2 or G ∼ = D 8 . The surface X/G is k-rational only for G ∼ = C 2 2 , G ∼ = D 8 by Corollary 4.14, since the fixed points of g ∈ G lying on a g-invariant member of L are not contained in one G × Gal k/k -orbit, only if g is an element of type 2 in the notation of Table 2 (see Table 5 ).
The sets of σ-lines, τ -lines and η-lines are G-minimal by Lemma 6.8. Therefore ρ(X) G = 1 by Lemma 6.6.
